The interplay between the finite volume and finite lattice spacing is investigated using lattice QCD simulations to compute the Landau gauge gluon propagator. Comparing several ensembles with different lattice spacings and physical volumes, we conclude that the dominant effects, in the infrared region, are associated with the use of a finite lattice spacing. The simulations show that decreasing the lattice spacing, while keeping the same physical volume, leads to an enhancement of the infrared gluon propagator. In this sense, the data from β = 5.7 simulations, which uses an a ≈ 0.18 fm, provides a lower bound for the infinite volume propagator.
I. INTRODUCTION AND MOTIVATION
In the past years the Landau gauge gluon and ghost propagators have been studied using lattice QCD methods in pure Yang-Mills theories -see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and references therein. The main goal is to be able to compute the infrared propagators having control on the finite size and finite volume effects.
The lattice simulations were performed using large physical volumes, let us say above (3 fm) 4 , both for the SU(2) and SU(3) gauge groups. The largest volumes simulated so far being ∼ (27 fm) 4 for the SU(2) gauge group [6] and ∼ (17 fm) 4 for SU(3) [4] . To achieve such large volumes, the simulations use a relatively large lattice spacing, ∼ 0.2 fm to be compared with the typical non-perturbative scale in QCD of ∼ 1 fm. It is well known that the infrared propagator decreases as the physical volume is increased and the main concern about the recent simulations has been the control of the finite volume effects. For such large volumes, which are much larger than typical nuclear sizes, finite volume effects should be negligible or smaller than other possible systematics. Less studied is the interplay between finite lattice spacing and finite volume effects. Indeed, given the large lattice spacing used to simulate such large physical volumes, the interplay between the two effects can introduce a bias on the propagators.
The aim of the present work is to investigate the interplay between finite lattice spacing and finite volume effects for the pure SU(3) Yang-Mills theory and, in particular, for the gluon propagator. In principle our conclusions should also be valid for the SU(2) simulations. Having control of all possible effects is crucial to compare lattice results with the outcome of other non-perturbative techniques. Furthermore, being able to remove the finite size and volume effects, the propagators can be used to model more reliably non-perturbative physics.
In order to understand how the finite lattice spacing and the finite lattice volume change the propagator, we perform various simulations with several lattice spacings and physical volumes and compare the propagators. The simulations show, once more, that the infrared propagator decreases when the physical volume of the simulation is increased. However, they also show that the finite lattice spacing effects have a much larger impact on the infrared propagator. The propagators are qualitatively unchanged but we observe that a large lattice spacing underestimates the gluon propagator in the infrared region.
The simulations also show that we have now good control on the Landau gauge gluon propagator for momenta above 900 MeV. Furthermore, the extrapolations to the infinite volume discussed here suggest that we are able to provide a gluon propagator free of finite size effects for momenta above 400 MeV.
The paper is organized as follows. In section II we discuss the lattice setup and renormalization procedure. In section III, profiting from having various ensembles with various lattice spacings and volumes, the extrapolation of the zero momentum gluon propagator to the infinite volume limit is investigated. In section IV the lattice spacing effects on the infrared gluon propagator are investigated. In section V we model the propagator in order to be able to provide an extrapolation to the infinite volume. Finally, in section VI we resume and conclude.
II. LATTICE SETUP AND RENORMALIZATION PROCEDURE
In the current work we report on simulations for the pure gauge SU(3) Yang-Mills theory using the Wilson action at several β values and for different physical volumes. Table I lists the various ensembles used to compute the gluon propagator.
The gauge configurations were generated with the MILC code [17] using a combined Monte Carlo sweep of seven overrelaxation updates with four heat bath updates. For each ensemble the autocorrelation time was measured for the plaquette. For all the ensembles, the autocorrelation time was below 10 combined Monte Carlo sweep. The gluon propagator was measured by a separation of ten autocorrelation times, with a minimum separation of 100 combined sweeps. For thermalization, we disregarded the first 500 combined Monte Carlo sweeps. For the conversion to physical units we use the lattice spacing as measured from the string tension [21] .
The gauge links were rotated to the minimal Landau gauge by minimizing the function
where V is the number of lattice points, N d = 4 the number of space-time dimensions, N c = 3 the number of colors and U g µ (x) the gauge transformed link. For the minimization of F[g] over the gauge orbits we used an overrelaxation algorithm [15] , except for the β = 5.7 and V = 18 4 , 26 4 , 36 4 and β = 6.0 for V = 32 4 ensembles, where the configurations were rotated to the Landau gauge using a Fourier accelerated steepest descent method [19] . The quality of the gauge fixing was monitored by looking at θ, the lattice version of ∂ · A a averaged over all lattice points and all colors; see, for example, [1] for details and definitions. The minimization was stopped when θ < 10 −13 .
For the computation of the gluon propagator we follow the definitions given in [1] . Further, in the following we use the tree level improved momentum definition
where a stands for the lattice spacing and L µ the number of lattice points in direction µ. The statistical errors on the propagators were evaluated with the jackknife method.
The propagators computed with the ensembles listed in Tab. I will be compared with the large volume simulations performed by the Berlin-Moscow-Adelaide group [4] . We would like to call the reader attention that our simulations and those performed in [4] use the same lattice action and the same definitions for D(q 2 ) and the lattice momenta (2). [4] . Note that the Berlin-Moscow-Adelaide data was rescaled to be coherent with our lattice spacing definitions -see text for details.
the data reported in [4] use the lattice spacing computed from r 0 [20] , while we use the lattice spacing measured from the string tension [21] . The values are not compatible within errors and, therefore, to compare the Berlin-Moscow-Adelaide results with ours, we have rescaled their data accordingly. In the following, we will compare only renormalised data. To correct the data of [4] for to the different choices of lattice spacing, it is sufficient to rescale the momenta. The renormalisation procedure, as described below, takes care of setting D(q 2 ) properly.
The simulations using the ensembles listed in table I and II are associated with different lattice spacings. In order to be able to compare the various sets, one needs to renormalize the propagator data. As described in the next section, the renormalization is performed at the scale µ = 4 GeV and, therefore, any differences should show up in the infrared region.
The gluon data shown below has momentum cuts to reduce the lattice artifacts. For momentum above 1 GeV only the momentum which verify the conical plus cylindrical cuts [2] are included in our analysis. For momentum below 1 GeV, we have considered all the lattice data.
A. Renormalization
In order to renormalize the lattice data the bare gluon propagator is fitted to the 1-loop inspired functional form
where γ = 13/22 is the anomalous gluon dimension for pure SU(3) Yang-Mills theory, in the momentum range [q min , q max ].
The renormalized gluon propagator is given by
where Z R is the renormalization constant and D Lat (q 2 ) the bare lattice gluon propagator. The renormalization constant Z R is chosen such that
and here we will use µ = 4 GeV. This choice for the renormalization scale will allow a direct comparison with the extrapolation to the infinite volume of D(0) performed in [8] .
In what concerns the fitting range, for the highest momentum q max , we will use the highest momentum achieved in the simulation, namely q max = 4.3 GeV for the β = 5.7 ensembles, q max = 7.8 GeV for the β = 6.0, q max = 10.9 GeV for β = 6.2 and q max = 14.5 GeV for β = 6.4 data. The smallest fitting momentum q min is chosen as the smallest momentum where χ 2 /d.o. f . ≈ 1 or is closer to one. Given that the renormalization scale used throughout this work is µ = 4 GeV, we also require q min to be smaller than 4 GeV. The χ 2 /d.o. f . as function of q min can be seen in Fig. 1 The values of Z R /a 2 are reported in Fig. 2 . It follows that Z R /a 2 is volume independent, at least within the statistical precision of the simulations reported here. Fitting the plotted data to a constant gives
with a χ 2 /d.o. f . = 0.50. The errors were computed assuming Gaussian error propagation.
Despite the volume independence of Z R /a 2 , in the following, to compute the renormalized gluon propagator, instead of taking the central value of (6), we will use the central value obtained from fitting directly the lattice data to (3) . In this way, we hope to take into account possible systematics from using a limited statistics in each simulation. The renormalized gluon propagator for all ensembles can be seen in Fig. 3 . In Fig. 4 we show the renormalized propagators, for a selected set of data, with a higher resolution in momentum scale. Figure 3 shows that for a given lattice spacing the infrared gluon propagator is reduced as one goes towards larger physical volumes. This is well known and has been reported many times. From the data at β = 5.7, the value of D(0) decreases by a factor of ∼ 1.35 when going from the smallest to the largest volume.
For larger momenta the lattice propagator is less dependent on the lattice volume and, as Fig. 4 shows, for momenta above ∼ 900 MeV the lattice gluon propagator seems to be independent of the lattice volume, in the sense that all data sets define a unique curve for D(q 2 ). In this sense, one can claim that above such momenta the lattice propagator is free of lattice artifacts.
In what concerns the infrared region, no clear sign of a turnover on D(q 2 ) is observed when approaching q = 0. Therefore, one can claim that the lattice data points towards a finite and non-vanishing value for the zero momentum gluon propagator.
III. ON THE INFINITE VOLUME LIMIT OF D(0)
Let us now discuss the infinite volume limit for D(0). The various simulations performed using different β values allow for independent extrapolations. For the extrapolation to the infinite volume we consider either
The fits of the lattice data for the different sets give where the first columns of values refers to the extrapolation assuming a 1/V dependence and the second columns assumes a 1/L linear function. The fits using combined data sets, i.e. all data or all β = 5.7 data, give a too large χ 2 /d.o. f ., meaning that they are not described by any of the expressions in (7).
The fits and the linear extrapolation assuming a 1/L behavior can be seen in linear dependence for the lattice data.
The analysis discussed so far supports a finite and nonvanishing D(0). Indeed, no turnover of D(q 2 ) is observed when approaching the zero momentum limit. However, as described in [9] the scaling analysis of the Cucchieri-Mendes bounds [7] and the ratios defined in [10] do not exclude completely the possibility of having a vanishing zero momentum propagator.
IV. FINITE LATTICE SPACING EFFECTS
The renormalization of the gluon propagator is devised to remove lattice spacing effects. As can be observed in Fig.  4 , the various renormalized lattice gluon propagators agree, within errors, in the ultraviolet region but not necessarily at low momenta.
The finite lattice spacing effects can be investigated comparing the renormalized gluon propagator computed using the same physical volume but different β values. For the simulations reported in Tab. I, the following four sets have close physical volumes: The physical volumes for the simulations considered in each data set do not match perfectly. However, the results summarized in Fig. 3 show a very smooth dependence of the gluon propagator with the lattice physical volume. Therefore, we expect that the conclusions drawn for comparing the ensembles within each of the data sets illustrate how the lattice spacing changes D(q 2 ).
In Fig. 6 the data for the various sets are reported and compared. From Fig. 6 one can see that for q above ∼ 900 MeV the lattice data define a unique curve, i.e. the renormalization procedure removes all dependence on the ultraviolet cutoff a for the mid and high momentum regions.
For the lower momenta Fig. 6 shows that D(q 2 ) is not independent of a. Further, comparing Figs. 3 and 6 it follows that, in the infrared region, and for the lattice sizes L = 3 fm or above, the corrections due to the finite lattice spacing seem to be larger than the corrections associated with the finite physical volume. Indeed, if, within each set of volumes, D(0) seem to become compatible within two standard deviations, the difference between propagators for the infrared region is clearly beyond two standard deviations. Furthermore, Fig 6 shows that the coarser lattice simulations, i.e. those with smaller β value, underestimate D(q 2 ) in the infrared region. Note, however, that qualitatively the propagator is unchanged. In this sense, the large volume simulations performed by the BerlinMoscow-Adelaide group provide a lower bound for the continuum infrared propagator.
In appendix A, we investigate how the choice of the renormalisation scale µ modifies the results reported in this section. Making different choices for µ, we observe how D(q 2 ) changes in various momenta regions. For low momenta, it follows that the large lattice spacing simulation underestimates the propagator independently of the renormalisation scalesee the appendix for further details.
In what concerns the zero momentum gluon propagator, the previous analysis suggests that D(0) computed at β = 5.7 gives a lower bound to its continuum value. For completeness, below we list the zero momentum gluon propagator for the largest physical volume associated with each β value simulation β La (fm) 
V. MODELLING THE GLUON PROPAGATOR AND REMOVING THE LATTICE ARTIFACTS
As described in the previous sections, the renormalized gluon propagator depends on the physical lattice volume, for the same lattice spacing, and on the lattice spacing, for the same physical volume. In what concerns the infrared region, it is observed that the propagator decreases slowly when the lattice physical volume is increased, while keeping the same lattice spacing. On the other hand, when the physical volume is keep constant, the infrared propagator is enhanced when the lattice spacing decreases. According to the results described above, the dominant effect is associated with the lattice spacing rather than with the volume dependence.
In the present work we aim to provide a gluon propagator which is free of finite size effects. Such a goal can be achieved, at least partially, through modeling the propagator. Of the possible functional forms, we chose to fit the lattice data to
where Z is dimensionless and M 1 , M 2 and M 3 have dimensions of mass. The above expression is the tree level prediction of the so-called refined Gribov-Zwanziger action supplied by an extra fitting normalization parameter Z. For Z = 1, as shown in [22] , Eq. (8) describes the lattice gluon propagator in the deep infrared and up to momenta ∼ 1.5 GeV. Although in the framework of the refined Gribov-Zwanziger action the different mass parameters have a precise meaning and are associated with various condensates and the Gribov mass parameter, here we do not explore such a connection. Besides the theoretical motivation coming from the refined GribovZwanziger action, (8) can be viewed as a Padé approximation to the lattice data.
The functional form (8) does not include any log terms generated by the loop corrections. Therefore, we do not expect that it describes the full set of momenta. Being so, we have to define a fitting range, which includes the infrared region and goes beyond the 1 GeV, where all data sets define a unique curve, and where (8) is able to reproduce properly the lattice propagator. Although in our analysis we have considered various fittings ranges, in the following we will report only the results for a fitting range starting at q = 0 and going up to q max = 4 GeV. The results for the other fitting ranges being similar. The outcome of the fits being where all the mass parameters are given in powers of GeV. where D(0) is given in GeV −2 . The extrapolated propagators together with the largest volume simulations results for each β are shown in Fig. 7 . Note that due to the bad extrapolation for M 4 3 when using the β = 6.0 ensembles, Fig. 7 does not include any information coming from these data.
From Fig. 7 , comparing the extrapolated β = 5.7 propagator using volumes up to (8.1 fm) 4 with the largest volume simulated by the Berlin-Moscow-Adelaide group, it follows that the two propagators are compatible within two standard deviations. The extrapolated propagator being above the (17.1 fm) 4 lattice simulation results. This supports, once more, the previous observation that β = 5.7 results provides a lower bound for the infinite volume propagator. Furthermore, the extrapolated propagator from the β = 6.2 data is above the extrapolated β = 5.7 propagator. Note, however, that the extrapolated D(q 2 ) are compatible within two standard deviations.
In what concerns the infinite volume limit for D(0), the extrapolations give a value of 8.84(45) GeV −2 from the β = 5.7 data and 9.42(14) GeV −2 from the β = 6.2 data. These values are slightly above the infinite volume limit D ∞ (0) = 7.95(13) GeV −2 estimated in [8] .
VI. CONCLUSIONS
In this work, the effects of using finite volume and finite lattice spacing to compute the Landau gauge gluon propagator in lattice QCD simulations are investigated. The propagator was computed for various physical volumes, all above (3 fm) 4 , and various lattice spacings ranging from 0.18 fm down to 0.054 fm. Our simulations confirm, once more, that the infrared propagator decreases as the lattice volume increases. Furthermore, the comparison between the data generated at similar physical volumes but different lattice spacings, show that, in what concerns the infrared momenta, the finite lattice spacing effects are larger than the finite volume effects. Our analysis shows that decreasing the lattice spacing leads to an increase in D(q 2 ) in the low momenta region. In this sense, the data coming from the large volume simulations by the BerlinMoscow-Adelaide group, which have an a ≈ 0.18 fm, provides a lower bound for the continuum propagator. In principle, the same behavior is expected for the large volume simulations performed for the SU(2) gauge group where a ≈ 0.22 fm. This observation is also supported by extrapolations of the lattice data to the infinite volume limit.
Besides the finite lattice and finite volume effects, we also investigate the zero momentum gluon propagator. The various extrapolations performed here point towards a finite value for D(0)| µ=4GeV around 9 GeV −2 .
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In order to be able to renormalise the propagator at low momenta, we fit the bare gluon propagator to
up to q ∼ 4 GeV. For each value of µ, the renormalised propagator is defined as in Eqs. (4) and (5). In the following, we will consider two cases µ = 500 MeV and µ = 1 GeV and study how the propagators differ. Furthermore, to avoid the inclusion of a large number of figures, we will show only the results for the simulations performed at La ≈ 8 fm. The motivation for this choice being that this physical volume has the largest collection of momenta below q = 1 GeV.
The propagators can be seen in Fig. 8 for momenta up to q = 3 GeV. The figure shows that, for both renormalisation points, the differences in the infrared region are well beyond one standard deviation and, in this sense, confirm the results reported in section IV.
In Fig. 9 the details of the propagators renormalised at the different µ are shown for momenta up to 5 GeV. For µ = 1 GeV, the difference between the two lattice computations is washed out for momenta above ∼ 2 GeV, with the data associated with the largest lattice spacing (β = 5.7) going always below the results computed with the smaller lattice spacing (β = 6.0). This reproduces the behaviour observed in section IV -recall that for µ = 4 GeV, the propagators agree within errors for momenta above ∼ 900 MeV. For µ = 500 MeV, one can observe differences between the computations of D(q 2 ) both in the infrared, where the β = 5.7 data goes below the β = 6.0 one, and at intermediate and large momenta, where the β = 5.7 propagator goes above the β = 6.0 data. The two computations seem to become closer as q approaches the ultraviolet but, within the range of momenta accessed by the simulation, the two data sets hardly agree when one choses µ = 500 MeV. In this case the simulation shows differences between the two calculations in the full momentum range, i.e. both in the infrared region and in the intermediate momenta.
According to what is observed in Figs. 8 and 9 , we conclude that the lattice artifacts due to a finite lattice spacing play an important role in the determination of the infrared propagator. Moreover, our analysis points towards a dominant effect in the infrared propagator associated with the finite lattice spacing and not with the physical volume of the simulation. In particular, it has been shown that a large lattice spacing such as a ∼ 0.18 fm tend to suppress D(q 2 ) at low momenta. Curiously, the value of D(0) does not seem to be so sensible to a. However, such a behaviour can be due to a larger statistical error on the computation of D(0) due to the impossibility of performing a Z 4 average. 
